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Abstract. We classify all propcr-biharmonic Legendre curves in a Sasakian 
space form and point out some of their geometric properties. Then we provide 
a method for constructing anti-invariant proper-biharmonic submanifolds in 
Sasakian space forms. Finally, using the Boothby-Wang fibration, we deter- 
mine all proper-biharmonic Hopf cylinders over homogeneous real hypersur- 
faces in complex projective spaces. 



1. Introduction 

As defined by Eells and Sampson in [14j , harmonic maps f : {M, g) — > (N, h) 
are the critical points of the energy functional 



E{f) = \l \m 



I M 

and they are solutions of the associated Euler-Lagrange equation 

t(/) = tracCgVd/ ^ 0, 

where t(/) is called the tension field of /. When / is an isometric immersion with 
mean curvature vector field H , then t(/) = mH and / is harmonic if and only if it 
is minimal. 

The bienergy functional (proposed also by Eells and Sampson in 1964, [T3j) is 
defined by 

E2if) = l I Mf)fv,. 



2 



M 



The critical points of E2 are called biharmonic maps and they are solutions of the 
Euler-Lagrange equation (derived by Jiang in 1986, pO]): 

T2{f ) = -A/t(/) - traccg {df,T{f))df = 0, 

where A-'' is the Laplacian on sections of f^^TN and R^{X,Y) — VjfVy — 
VrVx — '^[x,Y] is the curvature operator on N; T2(/) is called the bitension field 
of /. Since all harmonic maps are biharmonic, we are interested in studying those 
which are biharmonic but non-harmonic, called proper-biharmonic maps. 

Now, if / : A/ — !■ Nc is an isometric immersion into a space form of constant 
sectional curvature c, then 

r(/) = mH and T2{f) = -mA^ H + cm^H. 

Thus / is biharmonic if and only if 

A^H = mcH. 
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In a different way, Chen defined the biharmonic submanifolds in an Euchdcan 
space as those with harmonic mean curvature vector field ( [lOj ) . Replacing c = in 
the above equation we just reobtain Chen's definition. Moreover, let f : M ^ R" 
be an isometric immersion. Set / = (/^, . . . , /") and H = {H^, . . . , Then 

H = {AH^, . . . , A7J"), where A is the Beltrami-Laplace operator on M, and / 
is biharmonic if and only if 

AfH^Ai^) = ~-A^f^O. 
m m 

There are several classification results for the proper-biharmonic submanifolds 
in Euclidean spheres and non-existence results for such submanifolds in space forms 
Nc, c<0 ([4], [5], [7], [8], [9], [10], [13]), while in spaces of non-constant sectional 
curvature only few results were obtained ([1], [12], [18], [19], [25], [29]). 

We recall that the proper-biharmonic curves of the unit Euclidean 2-dimensional 
sphere §^ are the circles of radius , and the proper-biharmonic curves of S'^ are 

the geodesies of the minimal Clifford torus §^("^) ^ ^^("Tf-' ^^^^^ ^^'^ slope different 
from ±1. The proper-biharmonic curves of are helices. Further, the proper- 
biharmonic curves of §" , n > 3, are those of (up to a totally geodesic embedding) . 
Concerning the hypersurfaces of it was conjectured in [3] that the only proper- 
biharmonic hypersurfaces are the open parts of §""^(-1=) or §"'i(--i=) x S™2(-^) 
with mi -|- TO2 — n — 1 and mi ^ m2. 

Since odd dimensional unit Euclidean spheres S^"+^ are Sasakian space forms 
with constant t/j-sectional curvature 1, the next step is to study the biharmonic 
submanifolds of Sasakian space forms. In this paper we mainly gather the results 
obtained in [IS], [Hj and [TT]. 

We note that the proper-biharmonic submanifolds in pseudo-Riemannian mani- 
folds are also intensively-studied (for example, see [1], [3], [TT]). 

For a general account of biharmonic maps see [22j and The Bibliography of Bi- 
harmonic Maps [28j . 

Conventions. We work in the C°° category, that means manifolds, metrics, con- 
nections and maps are smooth. The Lie algebra of the vector fields on N is denoted 
by C{TN). 

2. Sasakian Space Forms 

In this section we briefly recall some basic facts from the theory of Sasakian 
manifolds. For more details see [^. 

A contact metric structure on a manifold iV^""''^ is given by (cp, ^, ry, g), where ip 
is a tensor field of type (1, 1) on iV, ^ is a vector field on N, rj is an 1-form on N 
and g is a Riemannian metric, such that 

p^ = -I + ri®i, 77(0 = 1, 

g{^X, pY) = g{X, Y) - v{X)viY), g{X, pY) = dr^{X, F), 

for any X,r e C(TN). 

A contact metric structure {^,^,ri,g) is Sasakian if it is normal, i.e. 

N^ + 2dr](g)^ = 0, 

where 



ON THE GEOMETRY OF BIHARMONIC SUBMANIFOLDS IN SASAKIAN SPACE FORMS 3 



N^iX, Y) = [^X, ipY] - ^[^X, Y] - ip[X, ifY] + ^^[X, Y], VX, Y G C(riV) 

is the Nijenhuis tensor field of (p. 

The contact distribution of a Sasakian manifold (iV, (p, ^, 77, g) is defined by {X G 
TN : ri{X) = 0}, and an integral curve of the contact distribution is called Legendre 
curve. 

A submanifold M of N which is tangent to ^ is said to be anti-invariant if (p 
maps any vector tangent to M and normal to ^ to a vector normal to AI . 

Let (TV, (p, ^, 77, (7) be a Sasakian manifold. The sectional curvature of a 2-plane 
generated by X and (pX, where X is an unit vector orthogonal to ^, is called 
Lp-sectional curvature determined by X. A Sasakian manifold with constant (p- 
sectional curvature c is called a Sasakian space form and it is denoted by N{c). 

A contact metric manifold {N, Lp, ^, 77, g) is called regular if for any point p G N 
there exists a cubic neighborhood of p such that any integral curve of ^ passes 
through the neighborhood at most once, and strictly regular if all integral curves 
are homeomorphic to each other. 

Let (A'^, ip, rj, g) be a regular contact metric manifold. Then the orbit space N = 
N/$^ has a natural manifold structure and, moreover, if N is compact then N is 
a principal circle bundle over N (the Boothby-Wang Theorem). In this case the 
fibration it : N ^ N \s called the Boothby-Wang fibration. The Hopf fibration 
TT : CP" is a well-known example of a Boothby-Wang fibration. 

Theorem 2.1 ( |24j ) . Let (A'^, (/3, ^, 77, 17) be a strictly regular Sasakian manifold. 
Then on N can be given the structure of a Kdhler manifold. Moreover, if (N, ip, ^, 
77,51) *'S Sasakian space form N{c), then N has constant sectional holomorphic 
curvature c -|- 3 . 

Even if A^ is non-compact, we still call the fibration tt : A^ — > iV of a strictly 
regular Sasakian manifold, the Boothby-Wang fibration. 



3. BiHARMONic Legendre Curves in Sasakian Space Forms 

Let ( A^" , (7) be a Riemannian manifold and 7 : / — > A^ a curve parametrized by 
arc length. Then 7 is called a Frenet curve of osculating order r, 1 < r < 77, if 
there exists orthonormal vector fields Ei, E2, . . . , Er along 7 such that i?i = 7' = T, 

\/rpEi = H1E2, VtE2 — —KiEi+K2E3,...,\7TEr — ~Kr-lEr-l, whcrC Ki, . . . , Kr~l 

are positive functions on /. 

A geodesic is a Frenet curve of osculating order 1; a circle is a Frenet curve of 
osculating order 2 with ki — constant; a helix of order r, r > 3, is a Frenet curve of 
osculating order r with ki, . . . , k^-i constants; a helix of order 3 is called, simply, 
helix. 

In [16] we studied the biharmonicity of Legendre Frenet curves and we obtained 
the following results. 

Let (A^^"+^, ^, 77, (7) be a Sasakian space form with constant (/5-sectional cur- 
vature c and J : I ^ N a, Legendre Frenet curve of osculating order r. Then 7 is 
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biharmonic if and only if 

T2(7)= VIT-R{T,VtT)T 

= 0. 

The expression of the bitension field T2(7) imposed a case-by-case analysis as 
follows. 

Case I (c = 1) 

Theorem 3.1 ([16 ). If c = 1 then 7 is proper-biharmonic if and only if n > 2 and 
either j is a circle with ki = 1 or j is a helix with + k| = 1. 

Case II (c 7^ 1 and E2 ± (fiT) 

Theorem 3.2 ([IB]). Assume that c ^ 1 and E2 -L ipT. We have 

1) c < —3 then 7 is biharmonic if and only if it is a geodesic; 

2) if c> —3 then 7 is proper-biharmonic if and only if either 

a.) n > 2 and j is a circle with n\ ~ or 
b) 71 > 3 and 7 is a helix with n\ + . 

Case III (c ^ 1 and E2 \\ (pT) 

Theorem 3.3 (ll6j). If c ^ I and E2 || ipT, then {T,ipT,^} is the Frenet frame 
field of"/ and we have 

1) if c < 1 then 7 is biharmonic if and only if it is a geodesic; 

2) if c > 1 then 7 is proper-biharmonic if and only if it is a helix with k\ = c— 1 
( and K2 = 1). 

Remark 3.4. In dimension 3 the result was obtained by Inoguchi in [19] and 
explicit examples are given in jl5J. 

Case IV (c 7^ 1 and g{E2,(pT) is not constant 0, 1 or —1) 

Theorem 3.5 ([16]). Let c 7^ 1 and 7 a Legendre Frenet curve of osculating order 
r such that g{E2,(pT) is not constant 0, 1 or —I. We have 

1) if c < —3 then 7 is biharmonic if and only if it is a geodesic; 

2) if c> —3 then 7 is proper-biharmonic if and only if r > A, ipT — cosao-£'2 + 
sinaoi?4 and 

Ki, K2, K3 = constant > 

< «2 + ^2 ^ £±3 + 3(£^ cos2 ao 

. ^2^3 = - ^^"s^^ sin(2ao), 
where oq € (0, 2tt) \{^,Tr,^} is a constant such that 

c + 3 + 3(c - 1) cos^ ao > 0, 3(c - 1) sin(2ao) < 0. 
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In order to obtain explicit examples of proper-biharmonic Legendre curves given 
by Theorem [nH] we used the unit Euclidean sphere S^"+^ as a model of a Sasakian 
space form with c — 1 and we proved the following 

Theorem 3.6 ( 16J. Let -f : I §^"+^(1), n > 2, be a proper-biharmonic Le- 
gendre curve parametrized by arc length. Then the parametric equation of 7 in the 
Euclidean space E2"+2 = (]R2n+2^ g^^/jg^ 

7(5) = cos ^V2s^ei + sin ^V2s^e2 + 

where {ei,2ej} are constant unit vectors orthogonal to each other, or 

7(5) = cos(^s)ei H — y= sin(j4s)e2 H — y= cos(i?s)e3 H — y= sin(i?s)e4, 
v2 v2 v2 v2 

where 



A = Vl + Ki, B = \/l - Kl, Kie(0,l), 
{e^} are constant unit vectors orthogonal to each other such that 
(ei,Ie3) = (ei,Xe4) = (£2,163) = (62,164) = 

A(6i,X62) +5(63,164) = 
and X is the usual complex structure on M.'^"^'^ . 

Remark 3.7. For the Cases II and III we also obtained the explicit equations of 
proper-biharmonic Legendre curves in odd dimensional spheres endowed with the 
deformed Sasakian structure introduced in [27j . 

In i21j are introduced the complex torsions for a Frenet curve in a complex 
manifold. In the same way, for 7 : / — )■ iV a Legendre Frenet curve of osculating 
order r in a Sasakian manifold (TV^"^^, ^, 77, g), we define the (/3-torsions = 
g{E„(pEj) = -g{(pEi,Ej), i,j^l,...,r,i<j. 

It is easy to see that 

Proposition 3.8. Let 7 : / — > N{c) be a proper-biharmonic Legendre Frenet curve 
in a Sasakian space form N(c), e 7^ 1. Then c > —3 and T12 is constant. 

Moreover 

Proposition 3.9. If ^ is a proper-biharmonic Legendre Frenet curve in a Sasakian 
space form N{c), c > —3, c ^ 1, of osculating order r < A, then it is a circle or a 
helix with constant ip-torsions. 



Proof. From Theorems 13.21 13.31 and 13.51 we see that if 7 is a proper-biharmonic 
Legendre Frenet curve of osculating order r < 4, then T12 = or T12 = ±1 and, 
obviously, we only have to prove that when 7 is a helix then T13 and T23 are con- 
stants. 

Indeed, by using the Frenet equations of 7, we have 
Ti3 = giEi.LpE'i) ^ ~—g{ipEi,\I E1E2 + niEi) = -—g{'.pEi,V EiE^) 

K2 K2 

= —g{E2,\/E^^Ei) = ^5(^2, '/'Vb, Si +0 = 

K2 K2 



6 



D. FETCU AND C. ONICIUC 



Since 

Kl Kl Kl 

On the other hand, it is easy to see that for any Frenet curve of osculating order 
3 we have T23 = -^iri^ + K2T12 + viEs)) and 

TjiEs) = g{E3,0^—(giVE^E2,0 + ^^i9iEi,0)=-—9iE2,yE,0 

K2\ / K2 

1 

= T12. 

K2 

In conclusion, r23 = — (t{3 + K2T12 —T12) = constant. 

□ 



Proposition 3.10. 7/7 is a proper-biharmonic Legendre Frenet curve in a Sasakian 

^3' 



space form N{c) of osculating order r = 4, then c G (^, 5) and the curvatures of ^ 



are 



VFT3 1 /6(c-l)(5-c) 1 /3(c- l)(3c- 7) 

= ' "^=2V ^T3 ' "^^2V ^T3 • 

Moreover, the (p-torsions of 7 are given by 



ri2 = Tj'-^, n3 = 0, ri4 = ±J^ 



-■- 3c-7 n _L /2(5-c)(3c-7) 

^^^ = ^ V3(^-l)(c+3) ' ^24 = "^' ^34 = ±v/ 3\c-/)(c+3) - 

Proof. Let 7 be a proper-biharmonic Legendre Frenet curve in -/V(c) of osculating 
order r = 4. Then c ^ 1 and ri2 is different from 0, 1 or —1. From Theorem 13.51 
we have ipEi = cosq;o£'2 + sinaoi?4. It results that 

T12 = — cosao, T13 = 0, ri4 — — sinao, and T24 = 0. 

In order to prove that r23 is constant we differentiate the expression of ipEi along 
7 and using the Frenet equations we obtain 

S/EifEi — cos aoVfii i?2 + sinao VE^i?4 

— —Kl cos uqEi + {k2 cos QfQ — K3 sin ao)i?3. 
On the other hand, \7 Ei^^Ei = Ki(pE2 + ^ and therefore we have 

(3.1) KiipE2 + S, — —Kl cos aoEi + (k2 cos ao — K3 sin aQ)E3. 
We take the scalar product in (|3.1[) with ^ and obtain 

(3.2) (k2 cosao - K3 sinao ) 77 (£^3) = 1- 
In the same way as in the proof of Proposition 13 . 91 we get 

77(^3) = g{E3,0^—(9i^E^E2,0 + ^^i9iEi,0)^~—9iE2,yE,0 

K2 V / K2 

1 COS ao 
= T12 = 

K2 K2 

and then, from (|3.2p . 

K2 sinao = —K3 cosao. 
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Therefore ao G (f , tt) U 27r). 
Next, from Theorem 13.51 we have 

2 c + 3 2 3(c — 1) 2 2 3(c— 1) . 2 
Ki = , ^2 = COS ao, K3 = sm ao, 

and so c must be greater than 1. 

Now, we take the scalar product in (|3.ip with £'3, 1^9 £'2 and (y5-E4, respectively, 
and we get 

Q^ / • ^ , ^ K2 , cosao 

(3.3) Kir23 = -{k2 cosao - K3 smao) + vi^s) 



cos ao 1^2 



(3.4) Ki sin^ ao = -(^2 cosao - K3 sinao)r23 = ^^^T23 

cos ao 

^2 

(3.5) = Ki cos ao sin ao + {k2 cos ao — K3 sin 00)734 ~ ki cos ao sinao H r34. 

cos ao 

and then, equations (|3.3p and (|3.4p lead to 

sin^ ao = 5 1. 

cos^ ao 

We come to the conclusion sin^ ao = ^^^^ so c € (|,5), and then we obtain the 
expressions of the curvatures and the t/s-torsions. □ 



Remark 3.11. The proper-biharmonic Legendre curves given by Theorem l3.6l (for 
the case c — 1) have also constant (^-torsions. 



4. A Method To Obtain Biharmonic Submanifolds in a Sasakian Space 

Form 

In |16| we gave a method to obtain proper-biharmonic anti-invariant submani- 
folds in a Sasakian space form from proper-biharmonic integral submanifolds. 

Theorem 4.1 (|16j). Let {N'^"~^^,(pj£,,ri,g) be a strictly regular Sasakian space 
form with constant ip-sectional curvature c and let i : M N be an r- dimensional 
integral submanifold of N, I < r < n. Consider 

F:M^IxM^N, F{t,p) = 4>t{p) = M^) 

where I — §^ or I — W and {4>t}tei is the flow of the vector field ^. Then F : 
{M,g = dt^ + i* g) N is a Riemannian immersion and it is proper-biharmonic 
if and only if AI is a proper-biharmonic submanifold of N . 

The previous Theorem provides a classification result for proper-biharmonic sur- 
faces in a Sasakian space form, which are invariant under the flow-action of ^. 

Theorem 4.2 ([Mj). Let A'P be a surface of N'^^'^^{c) invariant under the flow- 
action of the characteristic vector field ^. Then M is proper-biharmonic if and only 
if, locally, it is given by x{t, s) — (l)t{'j{s)), where 7 is a proper-biharmonic Legendre 
curve. 

Also, using the standard Sasakian 3-structure on S^, by iteration. Theorem 14.11 
leads to examples of 3-dimensional proper-biharmonic submanifolds of S^. 



8 



D. FETCU AND C. ONICIUC 



5. BiHARMONIC HOPF CYLINDERS IN A SASAKIAN SpACE FORM 

Let {N'^"^^,ip,£^,ri,g) be a strictly regular Sasakian manifold and i : M ^ N 
a submanifold of N. Then M = tt~^{M) is the Hopf cylinder over M, where 
TT : N ^ N = N/^ is the Boothby-Wang fibration. 

In [19j the biharmonic Hopf cylinders in a S-dimensional Sasakian space form 
are classified. 

Theorem 5.1 (^|19|). Let Sj be a Hopf cylinder, where j is a curve in the orbit 
space of (c) , parametrized by arc length. We have 

1) «/ c ^ 1, then is biharmonic if and only if it is minimal; 

2) if c > 1, then Sj is proper-biharmonic if and only if the curvature H of ^ 
is constant = c — 1 . 

In we obtained a geometric characterization of biharmonic Hopf cylinders of 
any codimension in an arbitrary Sasakian space form. A special case of our result 
is the case when M is a hypersurface. 

Proposition 5.2 ([17 ). If AI is a hypersurface of N, then M = tt^^{M) is bihar- 
monic if and only if 



where B, A and H are the second fundamental form of M in N, the shape operator 
and the mean curvature vector field, respectively, and and are the normal 
connection and Laplacian on the normal bundle of M in N. 

Proposition 5.3 ([H]). If M is a hypersurface and \\II\\ = constant 7^ 0, then 
AI = n^^{M) is proper-biharmonic if and only if 

II Bii' '^(^ + 1) + 3n — 5 

\\Br = ^ . 

Remark 5.4. From the last result we see that there exist no proper-biharmonic 
hypersurfaces of constant mean curvature M = 7r~i(M) in N{c) if c < which 
implies that such hypersurfaces do not exist if c < —3, whatever the dimension of 



From now on we shall consider c > — 3. 
In |26j Takagi classified all homogeneous real hypersurfaces in the complex projec- 
tive space CP", n > 1, and found five types of such hypersurfaces (see also 2^]). 
The first type (with subtypes Al and A2) are described in the following. 

We shall consider u G (0, ^) and r a positive constant given by ^ = ^i^. 

Theorem 5.5 ( 26J). The geodesic spheres (Type Al) in complex projective space 
CP"(c+3) have two distinct principal curvatures: A2 = ^cotw of multiplicity 2n—2 
and a = § cot(2u) of multiplicity 1. 

Theorem 5.6 (|26|). The hypersurfaces of Type A2 in complex projective space 
CP"(c + 3) have three distinct principal curvatures: Ai — — ^tanw of multiplicity 
2p, X2 — - cot u of multiplicity 2q, and a = - cot(2it) of multiplicity 1, where p > 0, 
q > 0, and p + q = n — 1. 




N is. 
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We note that if c = 1 and M is of type Al or A2 then Tr^^{M) = S^(cosu) x 
S2"-i(sinu) C §2"+i or 7r-i(M) = S'^p+^{cosu) x S'^'>+'^{smu), respectively. 

By using Takagi's result we classified in ^17^ the biharmonic Hopf cylinders M = 
7r~^(M) in a Sasakian space form A^^n+i ^y^j. homogeneous real hypersurfaces in 
CP", n>l. 

Theorem 5.7 (|l7]). Let M = 7r"i(M) be the Hopf cylinder over M. 

1) If M is of Type Al, then M is proper-biharmonic if and only if either 
a) c = 1 and i&v? u = \, or 

+2ri+l+8V 



. •^c2(n2+2n+5)+2c(3n2-2n-l)+9n2_30n+13 
c+3 ■ 



2) //A/ is of Type A2, then M is proper-biharmonic if and only if either 
a) c = 1, tan^ u = 1 and p ^ q, or 



anc 



, N ^ r -3(p-9)^-4«+4+8V(2p+l)(2q+l) \ , . , 

tan u - 2^ + (c+3)(2p+i) 

_l_ ^c2((p-g)24.4n+4)+2c(3(p-g)2+4n-4)+9(p-g)2-12n+4 
(c+3)(2p+l) ■ 

Theorem 5.8 ([17 ). There are no proper-biharmonic hypersurfaces M = 7r~^(M) 
when M is a hypersurface of Type B, C , D or E in the complex projective space 
CP"(c + 3). 
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